Abstract. We study a geometric analogue of the Iwasawa Main Conjecture for constant ordinary abelian varieties over Z d p -extensions of function fields ramifying at a finite set of places.
Introduction
We prove in this paper the Iwasawa Main Conjecture for constant ordinary abelian varieties over function fields. Fix a prime number p (p = 2 is allowed). Let F be a finite field of characteristic p and let A be an ordinary abelian variety defined over F. Let K be a global field having F as its constant field. Let L be a Z Note that X p (A/L) is finitely generated over Λ, hence we can define the characteristic ideal χ X p (A/L) , which is a principal ideal of Λ. For ω a continuous character of Γ, let L(A, ω, s) denote the twisted Hasse-Weil L-function of A. The following theorem summarizes the main results of this paper. 
The interpolation formula (1) as well as the explicit expression of * A, L, ω are the content of Theorem 4.3.1, while (2) is proven in Theorem 4.4.2. The p-adic L-function L A,L ∈ Λ is defined to be a product of twists of the Stickelberger element associated to L/K (see (30)). By this, the interpolation formula (1) can be straightforwardly deduced.
To prove (2), in §3 we decompose X p (A/L) into the Frobenius and the Verschiebung parts. It turns out that when L contains the arithmetic Z p -extension the Frobenius part is a direct sum of twisted eigenspaces of class group (see Proposition 3.4.2), and hence its characteristic ideal can be determined by applying the Iwasawa Main Theorem of class groups [Crw87] . To deal with the Verschiebung part, we make use of the algebraic functional equation proved in [LLTT1] . These together lead to the proof of the theorem under the condition that L contains the arithmetic Z p -extension. If the condition is not satisfied, we first adjoin L with the arithmetic Z p -extension to form a Z d+1 p -extension L ar /K so that the theorem holds over L ar , then we apply the specialization formula of [Tan14] to complete the proof.
Let us mention also that the Iwasawa Main Conjecture for semistable abelian varieties over the arithmetic Z p -extension was proven in [LLTT2] . In §4.5, we check that our result is compatible with the latter one.
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Settings and preliminary results on Iwasawa modules
In this section we set notation and recall some facts about Iwasawa algebras and modules.
2.1. Basic notation. Let K a be a fixed algebraic closure of K. For each positive integer m, let K (1/p m ) ⊂ K a denote the unique purely inseparable intermediate extension of degree p m over K, and let
Let q denote the cardinality of F. Let K
(p)
∞ := KF q p ∞ denote the arithmetic Z p -extension, which is the unique everywhere unramified Z p -extension of K.
Let S denote the ramification locus of L/K, which is assumed to be a finite set. As usual, for v a place of K, we will write K v for the completion of K at v.
Let O denote the ring of integers of some finite extension of Q p .
2.1.1. The Selmer groups. We view A as a sheaf on the flat topology of K and let A p n denote the kernel of the multiplication by p n on A. For any finite extension F/K, the p n -Selmer group Sel p n (A/K) is defined to be the kernel of the composition
, where H
• fl denotes the flat cohomology and loc F is the localization map to the direct sum of local cohomology groups over all places of F . Taking the direct limit as n → ∞, we set
Define, by taking direct limit over all finite intermediate extensions, 
We shall make use of the following: (H1) The inversion Γ ′ → Γ ′ , γ → γ −1 , gives rise to the isomorphism
sending an element λ to λ ♯ . In particular, if , is a Γ-equivariant pairing between Λ-modules, in the sense that γa, γb = a, b , for all γ ∈ Γ, then
(H2) Every continuous character φ :
, and this extends to the ring homomorphism
Since on Γ ′ the composition φ * • (1/φ) * is the identity map, φ * is an isomorphism on Λ O (Γ ′ ).
Iwasawa modules.
Assume that Γ ′ is isomorphic to Z n p for some n. The choice of a 
A pseudo-isomorphism is a homomorphism with pseudo-null kernel and cokernel. We will write M ∼ N to mean that there exists a pseudo-isomorphism from M to N . 2.3.1. Suppose Γ ′ ≃ Z n p and M is a finitely generated torsion Λ O (Γ ′ )-module. By the general theory of modules over a Krull domain, there is a pseudo-isomorphism Φ :
which is independent of Φ. The characteristic ideal of M is defined to be
where the action on the copy of Λ O (Γ ′ ) on the left is via α (i.e., we have (α(λ)µ) ⊗ m = µ ⊗ λm for λ, µ ∈ Λ O (Γ ′ ) and m ∈ M ) and the module structure is given by
(where λµ is the product in
and hence
Proof. It is immediate from (6) that if a pseudo-null N is annihilated by coprime
, whence pseudo-null. Thus the functor Λ O (Γ ′ ) α ⊗ − preserves pseudo-isomorphisms. Since it also commutes with direct sums, we are reduced to check the equality
which is obvious by exactness of
We apply the above with the isomorphisms considered in §2.2.1 and write
and, for φ as in (H2),
Since · ♯ is an involution, (6) shows that the action of Λ O (Γ ′ ) becomes λ · m = λ ♯ m. As for φ * , note that, if we endow O with the trivial action of Γ ′ , then the Λ O -module O(φ) can be viewed as the free rank one O-module with the action of Γ ′ through multiplication by φ, in the sense that
Then for a Λ O -module M we have
2.5. Some more notation. In order to lighten the notation, for an O-module M and an O-algebra R, we will often use the shortening
The Pontryagin dual of an abelian group G will be denoted G ∨ . Since we are going to deal mostly with finite p-groups and their inductive and projective limits, we generally won't distinguish between the Pontryagin dual and the set of continuous homomorphisms into the group of roots of unity l µ .
.
. p m . Note that we shall usually think of l µ .
. p ∞ as a subset ofQ p (hence with the discrete topology), so that for a Λ-module M homomorphisms in M ∨ will often take value inQ p .
We shall denote the ψ-part of a G-module M (for G a group and ψ ∈ G ∨ ) by
3. The Frobenius Action 3.1. Absolute and relative Frobenius. Let G be a commutative finite group scheme over K and denote G 0 its connected component and Gé t its maximalétale factor. Then we have the connected-étale sequence
We shall view G, G 0 and Gé t as sheaves on the flat topology of K, so that we can consider their cohomology groups. The base change K−→ K (1/p m ) induces the restriction map:
by [Mil80, Corollary III.4 .7] the class ξ corresponds to a principal homogeneous space P for G 0 such that P(F ), the set of F -points of P, is non-empty for some finite extension F/K. The field F can be taken as the residue field of the coordinate ring K[P] modulo a maximal ideal. As P(K a ) = G 0 (K a ) = {id}, the ring K[P] must contain exactly one maximal ideal and the residue field must be a purely inseparable extension over K. This shows that F can be taken as K (1/p n ) for some n, and hence
To conclude, it is enough to take the cohomology of the sequence (9).
Remark 3.1.2. If G is defined over a perfect field then (9) splits and the decomposition
3.1.1. Application to abelian varieties. Assume that B/K is an abelian variety. Let Bé t p n denote the maximalétale factor of B p n . Lemma 3.1.1 immediately yields the following.
Corollary 3.1.3. For each n, there exists some m so that 
Therefore we get a commutative diagram
Let F 
3.2. The Frobenius decomposition. In the case of our constant abelian variety A, the map F A, q := F (a)
A (with a such that q = |F| = p a ) is an endomorphism and it satisfies F (am) A = F m A, q . In the following we shall generally shorten F A, q to F q . Let E = E A denote the ring of endomorphisms of A/K and write
Lemma 3.2.1. The endomorphism rings E A is commutative.
and hence V 
where
Proof. The ring Z p E has a natural topology as the p-adic completion of E. Since Z p E is compact, it is possible to find subsequences F
converging respectively to F ∞ ∈ F, V ∞ ∈ V. By Lemma 3.2.2 and the fact that (Z p E) × is closed,
is a unit. To complete the proof, we only need to note that
By Corollary 3.2.3, any Z p E-module M decomposes as FM ⊕ VM . In many cases, a better grasp of the two components can be obtained by the following lemma (and its obvious V-analogue).
Lemma 3.2.4. Let W be a Z p E-module and W [q n ] its q n -torsion submodule. Then
In particular, if W is a p-primary abelian group then FW = n F n q W . Proof. By Lemma 3.2.2, for any m ≥ n and any r ≥ 1 we have
Hence the image of
the anti-isomorphism sending an endomorphism to its dual, and extend it to
Proof. By (12) this is just a reformulation of [LLTT1, Theorem 5.2.6] (note that since A is defined over F and ordinary, it has good ordinary reduction at every place of K. By [Mil68, Theorem 3] it is known that X p ∞ (A/K n ) is finite for every n. Therefore, the condition of [LLTT1, Theorem 5.2.6] is satisfied).
Lemma 3.2.6. If one of the following modules
and
is torsion over Λ, then all of them are torsion over Λ.
Proof. Applying any sequence of isogenies
so that the composition of the last (resp. first) two arrows equals some [n] (resp. [n ′ ]), we see that if any item of the upper (resp. lower) row is annihilated by a non-zero ξ ∈ Λ, then the corresponding item in the lower (resp. upper) row is annihilated by n ′ ξ (resp. nξ). In view of the decomposition
we only need to show that H A X p (A/L) is torsion if and only if so is
, by the exact sequence
By the Cassels-Tate pairing the identities (3) and (12) imply 
by (3) and (12), the p-divisible group δ ♯ ξ · K A t (Q p /Z p ⊗ A t (K n )) must be finite, whence trivial.
Proposition 3.2.7. If A is an ordinary abelian variety over F, then
Proof. If FX p (A/L) is torsion, then the equality follows from Lemma 3.2.6, Proposition 3.2.5 and (13); otherwise, we get 0 = 0. 
. Also, when considering Galois cohomology, we shall shorten A(K)[p n ] to A[p n ] and Gal(F /F ) to G F . In particular, we shall write
LetK n denote the compositum F(A[p n ])K: it is an abelian extension over K, such that, 
The last vertical map is injective: for, if ϕ is contained in the kernel, then there exists a point Q ∈ A(F v ) such that ϕ(σ) = σQ − Q for all σ in the inertia subgroup. As the latter acts trivially on the residue field, the reduction ϕ(σ) is zero. But since A =Ā (the reduction of A at v), the reduction map induces an isomorphism A[p n ] ≃Ā[p n ]. Then we get ϕ(σ) = 0, and hence ϕ = 0. Also, we have H 
Now it is enough to observe that by definition a cohomology class in H
Let W F denote the p-completion of the divisor class group of F . Note that the class group of F consists of degree zero divisor classes: let C F be its Sylow p-subgroup. Then the degree map induces the exact sequence
Lemma 3.3.2. Suppose F/K is a finite extension withK n ⊂ F . Then
Proof. 
By the main theorem of [Tan10] , X p (A/L) is a finitely generated Λ(Γ ar )-module, whence so is FX p (A/L). Define
Proposition 3.3.3. We have a canonical isomorphism of Gal(L/K)-modules:
Proof. Since WL is compact and A[p ∞ ] discrete, we have
where F runs through all finite degree subextensions ofL/K (note that all homomorphisms from a finitely generated Z p -module such as W F into a finite group are continuous), and of course lim
Hence we get, by Lemma 3.3.2,
Finally, the map
which sends w ⊗ Q * to ϕ → Q * (ϕ(w)), is an isomorphism because A[p ∞ ] ∨ is a finitely generated free Z p -module.
Note that if F is a finite extension of K with constant field of cardinality q n , then we have the commutative diagram
where the first down-arrow is the norm map and the second is the multiplication by n. Therefore, sinceL/K contains the constant Z p -extension, the exact sequence (15) implies
Lemma 3.3.4. The group WL has no p-torsion.
Proof. For F a finite extension of K put F n := F(A[p n ])F . It suffices to show that for any F the projective limit (on n) of C Fn has no p-torsion. Let C/F F be the curve associated with the function field F (whose field of constants is F F ), so that
Let t = (t n ) be an element in the p-torsion of lim ← − C Fn : then t n ∈ Jac C[p] for all n and hence there is some m such that t n ∈ Jac C(F Fm ) for every n. But then for n > m the norm map C Fn → C F n−1 acts on t n as multiplication by a power of p, hence t = 0. Proof. It is sufficient to assume that A is simple, whence Q ⊗ E is a field by Lemma 3.2.1. Then by [Ta66, Theorem 2(c)], the algebra Q ⊗ E equals Q(F q ), and is a filed extension of Q of degree 2g. Therefore, α 1 , ..., α g , β 1 , ..., β g are exactly the roots of the minimal polynomial of F q over Q. In particular, they are distinct.
The Frobenius action on
Let O(λ i ) be the twist of O by λ i defined in §2.4 (see (7) and the lines just after it). Let H be the group in (16). Denote ψ i := λ i|H . Note that Proposition 3.3.3 implies that WL is finitely generated over Λ(Γ ar ).
Proposition 3.4.2. Assume that WL is torsion over Λ(Γ ar ) and that O contains α 1 , ..., α g as well as ψ(h) for all ψ ∈ H ∨ , h ∈ H. Then for every ψ ∈ H ∨ there is a pseudoisomorphism of
Moreover, we have
OFX p (A/L ar ) ∼ g i=1 OW (ψ −1 i ) L ⊗ O O(λ i ) .
Proof. Since Fr q topologically generates Gal(K(
with p m Q = 0 for some m. Lemma 3.3.4 implies that WL is a flat Z p -module and is annihilated by some f ∈ Λ(Γ ar ) coprime with p : by Lemma 2.3.1, it follows that the module
Since the group H is of order prime to p,
The first statement then follows from Proposition 3.3.3. To prove the second claim, we apply the inflation-restriction sequence and the restriction-corestriction formula to obtain
also by the fact that the order of H is prime to p. Therefore, if h is a generator of H then
which, according to the above argument, is pseudo-isomorphic to 4.1.1. The Stickelberger element. Let M/K be an abelian Galois extension (of finite or infinite degree) unramified outside S; in case S = ∅, we furthermore stipulate that M is a subfield of KF, so that Gal(M/K) is generated by Fr q (note
, because non-arithmetic abelian totally unramified extensions of K have Galois group a factor of the finite group C K ).
For any place v outside S let the symbol [v] M ∈ Gal(M/K) denote the (arithmetic) Frobenius element at v. Set ∇ S (u) := 1 − Fr q ·u if S = ∅ and ∇ S (u) := 1 if S = ∅. Since there are only finitely many places with degree bounded by a given positive integer, we can express the infinite product
as a formal power series in
Let ω : Gal(M/K) → C × be a continuous character. Denote by S ω ⊆ S its ramification locus and K ω the fixed field of Ker(ω). For v a place of K set
From now on, we fix embeddingsQ ⊂Q p andQ ⊂ C. Thus, if O contains the image of ω, which is finite, then ω can be viewed as a character Gal(M/K) → O × that extends O-linearly to a ring homomorphism ω :
If α ∈Q and is contained in O, then we can ask if Θ M,S (α) converges and, if it does, what is the value of ω(Θ M,S (α)). Recall that for any topological ring R the Tate algebra R u consists of those power series in R[ [u] ] whose coefficients tend to 0. The algebra 
Proof. Choose a non-empty finite set T of places of K such that S ∩ T = ∅ and define
By the above definitions and (21), (24) 
To complete the proof of the first statement it suffices to observe that
As for (25), choose F such that ω factors through
Define the Stickelberger element 
Proof. By (25), it suffices to show L * S (ω, 0) = 0 for some ω ∈ Gal(K (p)
Observe that for such an ω, the L-function L(ω, s) is just a twist of the Dedekind zeta function ζ K (s): hence, letting ε := ω(Fr q ) and
for some polynomial P K . This proves our claim, because P K (ε) = 0 by the Riemann hypothesis over function fields and if we choose ω of order sufficiently high then ε = 1 and ε v = 1 for all v ∈ S.
Relation with class groups.
In addition to the maps defined in (H1), (H2) of §2.2, we will use the following morphism:
The following theorem was proved in [Crw87] ; a simplified proof (avoiding the use of crystalline cohomology) has recently been given in [BLT09] . 
) . 
Proof
This makes sense by Proposition 4.1.1, because α i is a unit in O. Put
Note that θ + A,L,S ∈ Λ and θ + A,Lar,S ∈ Λ(Γ ar ), since the set {α 1 , ..., α g } is stable under the action of Gal(Q p /Q p ). Define
Proposition 4.2.2. We have
Proof. Since A and A t are isogenous, they share the same twist matrix. Thus, in view of Proposition 3.2.7 and Proposition 4.2.1, we only need to prove the equality
But this is just a matter of unwinding definitions. The composition λ * i •ψ 
Before stating the interpolation formula relating L A,L with L S (A, ω, 1), we need to introduce some notation. Put
Denote by κ the genus of K (that is, the genus of the corresponding curve C/F) and by d ω the degree of the conductor of ω. Fix an additive character Ψ :
. 
where O v is the ring of integers of K v .
Proof. By definition, recalling (28), we have
We fix an embedding of {α i | i = 1, ..., g} into C and for every i fix s i ∈ C such that α i = q s i , so that β i = q 1−s i . The equality (25) yields ω Θ L,S (α 
(see e.g. [We74, VII, Theorems 4 and 6]). Formula (33) implies
Putting everything together, we have obtained
But it follows directly from the definition that 
Then
This is just a special case of [Tan14, Theorem 1]: since A has good reduction everywhere, the only terms appearing in v ϑ v of loc. cit. are the ones coming from changes in the set of ramified places, i.e., ϑ M/M ′ as defined in (34). 
